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• A = {a, b, . . . , n} A a, b, . . . , n

• x 2 A x A

• x /2 A x A

• A ⇢ B A B

x 2 A =) x 2 B

• A [B A B

x 2 A [B () x 2 A x 2 B

•
n

[
k=1

Ak A1, A2, . . . , An

x 2
n

[
k=1

Ak () x 2 Ak k 2 {1, 2, . . . , n}

• A \B A B

x 2 A \B () x 2 A x 2 B

•
n

\
k=1

Ak A1, A2, . . . , An

x 2
n

\
k=1

Ak () x 2 Ak k 2 {1, 2, . . . , n}

• A \B A B

x 2 A \B () x 2 A x /2 B

• N
x 2 N () x 2 {1, 2, . . . , n, . . . }

• Z
x 2 Z () x 2 {. . . ,�n, . . . ,�2,�1, 0, 1, 2, . . . , n, . . . }

• Q

x 2 Q () x =
p

q
p 2 Z q 2 N

• R
x 2 R () x



• R \Q
x 2 R\Q () x 2 R x

⇡ ⇡ 3.14159265358979323846 . . . 2 R \Q
e ⇡ 2.71828182845904523536 . . . 2 R \Q

• C
z 2 C () z = a+ ib a 2 R b 2 R i =

p
�1

• N ⇢ Z ⇢ Q ⇢ R ⇢ C

• 0! = 1

1! = 1

(n+ 1)! = (n+ 1) . n! n 2 N
n! = n(n� 1) . . . 2 . 1 n � 2

n

• Pn = n!

n k

• V k
n
= n(n� 1)(n� 2) . . . (n� k + 1) =

n!

(n� k)!

n k

• Ck
n
=

n(n� 1)(n� 2) . . . (n� k + 1)

k . (k � 1) . 2 . 1
=

n!

k! (n� k)!
=

✓
n

k

◆

• (a+ b)n =

✓
n
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◆
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✓
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✓
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◆
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✓
n

n� 1

◆
abn�1 +

✓
n

n

◆
bn

•
✓
n

k

◆
=

✓
n

n� k

◆

•
✓
n

k

◆
+

✓
n

k + 1

◆
=

✓
n+ 1

k + 1
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180� ⇡ �1 �

• 1 =
180�

⇡
⇡ 57� 170 4500

• 1� =
⇡

180
⇡ 0,017

• tg x =
sinx

cosx

• ctg x =
cosx

sinx

• tg x · ctg x = 1

• sin2 x+ cos2 x = 1
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• sin(�x) = � sinx tg(�x) = � tg x

• cos(�x) = cosx ctg(�x) = � ctg x

• sin
�
x+

⇡

2

�
= cosx sin

�
x� ⇡

2

�
= � cosx

• cos
�
x+

⇡

2

�
= � sinx cos

�
x� ⇡

2

�
= sinx

• tg
�
x+

⇡

2

�
= � ctg x tg

�
x� ⇡

2

�
= � ctg x

• ctg
�
x+

⇡

2

�
= � tg x ctg

�
x� ⇡

2

�
= � tg x

• sin(x+ ⇡) = � sinx sin(x� ⇡) = � sinx

• cos(x+ ⇡) = � cosx cos(x� ⇡) = � cosx

• tg(x+ ⇡) = tg x tg(x� ⇡) = tg x

• ctg(x+ ⇡) = ctg x ctg(x� ⇡) = ctg x

• sin(x+ y) = sinx cos y + cosx sin y sin(x� y) = sinx cos y � cosx sin y

• cos(x+ y) = cosx cos y � sinx sin y cos(x� y) = cosx cos y + sinx sin y

• tg(x+ y) =
tg x+ tg y

1� tg x tg y
tg(x� y) =

tg x� tg y

1 + tg x tg y

• ctg(x+ y) =
ctg x ctg y � 1

ctg y + ctg x
ctg(x� y) =

ctg x ctg y + 1

ctg y � ctg x

• sin 2x = 2 sinx cosx cos 2x = cos2 x� sin2 x

• tg 2x =
2 tg x

1� tg2 x
ctg 2x =

ctg2x� 1

2 ctg x

• sinx =
2 tg

x

2

1 + tg2
x

2

cosx =
1� tg2

x

2

1 + tg2
x
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• sin
x

2
= ±

r
1� cosx

2
cos

x

2
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r
1 + cosx

2

• tg
x

2
=

sinx

1 + cosx
ctg

x

2
=

sinx

1� cosx



• sin2 x =
1� cos 2x

2

• cos2 x =
1 + cos 2x

2

• sinx sin y =
1

2

⇥
cos(x� y)� cos(x+ y)

⇤

• cosx cos y =
1

2

⇥
cos(x� y) + cos(x+ y)

⇤

• sinx cos y =
1

2

⇥
sin(x+ y) + sin(x� y)

⇤

• sinx+ sin y = 2 sin
x+ y

2
cos

x� y

2
sinx� sin y = 2 cos

x+ y

2
sin

x� y

2

• cosx+ cos y = 2 cos
x+ y

2
cos

x� y

2
cosx� cos y = �2 sin

x+ y

2
sin

x� y

2

• tg x+ tg y =
sin(x+ y)

cosx cos y
tg x� tg y =

sin(x� y)

cosx cos y

• ctg x+ ctg y =
sin(x+ y)

sinx sin y
ctg x� ctg y =

sin(y � x)

sinx sin y



•
����
a b
c d

���� = ad� bc

•

������

a11 a12 a13
a21 a22 a23
a31 a32 a33

������
= a11a22a33 + a12a23a31 + a21a32a13�

�a13a22a31 � a12a21a33 � a11a23a32

n

• � =

��������

a11 a12 . . . a1n
a21 a22 . . . a2n
. . . . . . . . . . . . . . . . . . . .
an1 an2 . . . ann

��������
=
P

(�1)[k1,k2,...,kn] a1k1a2k2 · · · ankn ,

1, 2, . . . , n

[k1, k2, . . . , kn] k1, k2, . . . , kn

� aij

• �ij =

������������

a11 . . . a1,j�1 a1,j+1 . . . a1n
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
ai�1,1 . . . ai�1,j�1 ai�1,j+1 . . . ai�1,n

ai+1,1 . . . ai+1,j�1 ai+1,j+1 . . . ai+1,n

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
an1 . . . an,j�1 an,j+1 . . . ann

������������

• �ij i j �

aij

• Aij = (�1)i+j�ij

� i

• � = ai1Ai1 + ai2Ai2 + · · ·+ ainAin =
nX

j=1

aijAij

� j

• � = a1jA1j + a2jA2j + · · ·+ anjAnj =
nX

i=1

aijAij



•

��������

a11 a12 . . . a1n
a21 a22 . . . a2n
. . . . . . . . . . . . . . . . . . . .
an1 an2 . . . ann

��������
=

��������

a11 a21 . . . an1
a12 a22 . . . an2
. . . . . . . . . . . . . . . . . . . .
a1n a2n . . . ann

��������

•

��������������

a11 a12 . . . a1n
. . . . . . . . . . . . . . . . . . . .
ai1 ai2 . . . ain
. . . . . . . . . . . . . . . . . . . .
ak1 ak2 . . . akn
. . . . . . . . . . . . . . . . . . . .
an1 an2 . . . ann

��������������

= �

��������������

a11 a12 . . . a1n
. . . . . . . . . . . . . . . . . . . .
ak1 ak2 . . . akn
. . . . . . . . . . . . . . . . . . . .
ai1 ai2 . . . ain
. . . . . . . . . . . . . . . . . . . .
an1 an2 . . . ann

��������������

•

����������

a11 . . . a1n
. . . . . . . . . . . . . . . . . . . . . . . . .
a0
i1 + a00

i1 . . . a0
in

+ a00
in

. . . . . . . . . . . . . . . . . . . . . . . . .
an1 . . . ann

����������

=

����������

a11 . . . a1n
. . . . . . . . . . . . . .
a0
i1 . . . a0

in

. . . . . . . . . . . . . .
an1 . . . ann

����������

+

����������

a11 . . . a1n
. . . . . . . . . . . . . .
a00
i1 . . . a00

in

. . . . . . . . . . . . . .
an1 . . . ann
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•

����������

a11 a12 . . . a1n
. . . . . . . . . . . . . . . . . . . . . .
�ai1 �ai2 . . . �ain
. . . . . . . . . . . . . . . . . . . . . .
an1 an2 . . . ann

����������

= �

����������

a11 a12 . . . a1n
. . . . . . . . . . . . . . . . . . . .
ai1 ai2 . . . ain
. . . . . . . . . . . . . . . . . . . .
an1 an2 . . . ann

����������

•

����������

a11 a12 . . . a1n
. . . . . . . . . . . . . . . . . . . .
ai1 ai2 . . . ain
. . . . . . . . . . . . . . . . . . . .
an1 an2 . . . ann

����������

=

����������

a11 a12 . . . a1n
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
ai1 + �aj1 ai2 + �aj2 . . . ain + �ajn
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

an1 an2 . . . ann
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•

��������

a11 a12 . . . a1n
0 a22 . . . a2n
. . . . . . . . . . . . . . . . . . .
0 0 . . . ann

��������
= a11a22 · · · ann

•

����������

a11 a12 . . . a1n
. . . . . . . . . . . . . . . . . . . .
0 0 . . . 0
. . . . . . . . . . . . . . . . . . . .
an1 an2 . . . ann

����������

= 0

•

��������������

a11 a12 . . . a1n
. . . . . . . . . . . . . . . . . . . . . .
ai1 ai2 . . . ain
. . . . . . . . . . . . . . . . . . . . . .
�ai1 �ai2 . . . �ain
. . . . . . . . . . . . . . . . . . . . . .
an1 an2 . . . ann

��������������

= 0



m⇥ n

• A =

0

BB@

a11 a12 . . . a1n
a21 a22 . . . a2n
. . . . . . . . . . . . . . . . . . . . .
am1 am2 . . . amn

1

CCA

m n

A

• A
0 =

0

BB@

a11 a21 . . . am1

a12 a22 . . . am2

. . . . . . . . . . . . . . . . . . . .
a1n a2n . . . amn

1

CCA

m⇥ n

• O =

0

BB@

0 0 . . . 0
0 0 . . . 0
. . . . . . . . . . . . .
0 0 . . . 0

1

CCA

• A =
�
a1 a2 . . . an

�
, B =

0

BB@

b1
b2
. . .
bm

1

CCA

n n n

• A =

0

BB@

a11 a12 . . . a1n
a21 a22 . . . a2n
. . . . . . . . . . . . . . . . . . . .
an1 an2 . . . ann

1

CCA

• detA = |A| =

��������

a11 a12 . . . a1n
a21 a22 . . . a2n
. . . . . . . . . . . . . . . . . . . .
an1 an2 . . . ann

��������

n

• En =

0

BB@

1 0 . . . 0
0 1 . . . 0
. . . . . . . . . . . . .
0 0 . . . 1

1

CCA detEn = 1



A =

0

BB@

a11 a12 . . . a1n
a21 a22 . . . a2n
. . . . . . . . . . . . . . . . . . . . .
am1 am2 . . . amn

1

CCA , B =

0

BB@

b11 b12 . . . b1n
b21 b22 . . . b2n
. . . . . . . . . . . . . . . . . . . . .
bm1 bm2 . . . bmn

1

CCA � 2 R

• A+B =

0

BB@

a11 + b11 a12 + b12 . . . a1n + b1n
a21 + b21 a22 + b22 . . . a2n + b2n
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
am1 + bm1 am2 + bm2 . . . amn + bmn

1

CCA

• �A =

0

BB@

�a11 �a12 . . . �a1n
�a21 �a22 . . . �a2n
. . . . . . . . . . . . . . . . . . . . . . . . .
�am1 �am2 . . . �amn

1

CCA

• A�B = A+ (�1)B

A�B =

0

BB@

a11 � b11 a12 � b12 . . . a1n � b1n
a21 � b21 a22 � b22 . . . a2n � b2n
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
am1 � bm1 am2 � bm2 . . . amn � bmn

1

CCA

A =

0

BB@

a11 a12 . . . a1n
a21 a22 . . . a2n
. . . . . . . . . . . . . . . . . . . . .
am1 am2 . . . amn

1

CCA m⇥ n

B =

0

BB@

b11 b12 . . . b1k
b21 b22 . . . b2k
. . . . . . . . . . . . . . . . . . .
bn1 bn2 . . . bnk

1

CCA n⇥ k

• AB =

0

BB@

c11 c12 . . . c1k
c21 c22 . . . c2k
. . . . . . . . . . . . . . . . . . . .
cm1 cm2 . . . cmk

1

CCA m⇥ k

cij =
nP

s=1
aisbsj , i = 1, 2, . . . ,m, j = 1, 2, . . . , k

A m⇥ n

• A r r
r + 1

• 0  r  min {m,n}



• A+B = B+A

• (A+B) +C = A+ (B+C)

• A+O = A

• A+ (�A) = O

• 1 .A = A

• (�+ µ)A = �A+ µA

• �(A+B) = �A+ �B

• �(µA) = (�µ)A

• (AB)C = A(BC)

• AEn = EmA = A

• A(B+C) = AB+AC

• (A+B)C = AC+BC

• �(AB) = (�A)B = A(�B)

• (A+B)0 = A
0 +B

0

• (�A)0 = �A0

• (AB)0 = B
0
A

0

•
�
(A)0

�0 = A

• AB 6= BA

• A
�1

A =

0

BB@

a11 a12 . . . a1n
a21 a22 . . . a2n
. . . . . . . . . . . . . . . . . . . .
an1 an2 . . . ann

1

CCA

AA
�1 = A

�1
A = En

• A () |A| 6= 0

• A
�1 =

1

|A|

0

BB@

A11 A21 . . . An1

A12 A22 . . . An2

. . . . . . . . . . . . . . . . . . . . .
A1n A2n . . . Ann

1

CCA



• A A
�1 = A

0

• A ()
nX

s=1

aisajs =

(
1, i = j,

0, i 6= j.

• AX = B () X = A
�1

B

A n |A| 6= 0

B n⇥m

X n⇥m

• 8
>>><

>>>:

a11x1 + a12x2 + · · ·+ a1nxn = b1,

a21x1 + a22x2 + · · ·+ a2nxn = b2,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

an1x1 + an2x2 + · · ·+ annxn = bn,

x1 =
�1

�
, x2 =

�2

�
, . . . , xn =

�n

�
,

� =

��������

a11 a12 . . . a1n
a21 a22 . . . a2n
. . . . . . . . . . . . . . . . . . . .
an1 an2 . . . ann

��������
6= 0

�k � k

•

•



8
>>>><

>>>>:

↵11x1 + ↵12x2 + ↵13x3 + · · ·+ ↵1kxk + · · ·+ ↵1nxn = �1,
↵22x2 + ↵23x3 + · · ·+ ↵2kxk + · · ·+ ↵2nxn = �2,

↵33x3 + · · ·+ ↵3kxk + · · ·+ ↵3nxn = �3,
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

↵kkxk + · · ·+ ↵knxn = �k,

k  min {m,n} ↵ii 6= 0 i = 1, . . . , k k = n
xn

xn�1 x1

k < n xk+1, . . . , xn

xk xk�1

x1 n � k

• i i2 = �1

• z = a+ ib a, b 2 R z 2 C

• a = Re z

• b = Im z

• |z| =
p
a2 + b2 z = a+ ib

• Arg z = ' z = a+ ib ' 2 [0, 2⇡)

cos' =
a

|z| sin' =
b

|z|

• z = a� ib z = a+ ib

• (a+ ib) + (c+ id) = (a+ c) + i(b+ d)

• (a+ ib)� (c+ id) = (a� c) + i(b� d)

• (a+ ib)(c+ id) = (ac� bd) + i(ad+ bc)

• c+ id

a+ ib
=

(ac+ bd) + i(ad� bc)

a2 + b2



• z = r(cos'+ i sin') z 2 C

• r = |z|

• ' = Arg z

•
(
a = r cos',

b = r sin',

z = r(cos'+ i sin') = a+ ib

•

8
<

:

r =
p
a2 + b2,

cos' =
ap

a2 + b2
, sin' =

bp
a2 + b2

,

z = a+ ib = r(cos'+ i sin')

•
�
r(cos'+ i sin')

��
⇢(cos + i sin )

�
= r⇢

�
cos('+  ) + i sin('+  )

�

• r(cos'+ i sin')

⇢(cos + i sin )
=

r

⇢

�
cos('�  ) + i sin('�  )

�

•
�
r(cos'+ i sin')

�n
= rn(cosn'+ i sinn')

• z = n
p
↵ () zn = ↵ ↵ 2 C

• n
p

r(cos'+ i sin') = n
p
r
⇣
cos

'+ 2k⇡

n
+ i sin

'+ 2k⇡

n

⌘
k = 0, 1, . . . , n� 1

• ei' = cos'+ i sin'



• a+ b = b+ a

• (a+ b) + c = a+ (b+ c)

• a+ o = a

• a+ (�a) = o

• 1 .a = a

• (�+ µ)a = �a+ µa

• �(a+ b) = �a+ �b

• �(µa) = (�µ)a

a, b, c �, µ 2 R o

• a1,a2, . . . ,an
�1a1 + �2a2 + · · ·+ �nan = o �i 6= 0

• a1,a2, . . . ,an
�1a1 + �2a2 + · · ·+ �nan = o �1 = �2 = · · · = �n = 0

• a b () a b

• a 6= o a b () b = �a

• a,b, c () a,b, c

• a b

a,b, c () c = �a+ µb



• ab = |a||b| cos' ' = <(a,b) a,b 6= o

• ab = 0 a = o b = o

• ab = ba

• a(b+ c) = ab+ ac

• (�a)b = �ab

• aa � 0 aa = 0 () a = o

• a
2 = aa |a| =

p
a2

• a ? b () ab = 0

a(a1, a2) b(b1, b2)

• ab = a1b1 + a2b2

• a
2 = a21 + a22

• |a| =
p
a21 + a22

• cos' =
ab

|a||b| =
a1b1 + a2b2p

a21 + a22
p
b21 + b22

• a ? b () a1b1 + a2b2 = 0

a(a1, a2, a3) b(b1, b2, b3)

• ab = a1b1 + a2b2 + a3b3

• a
2 = a21 + a22 + a23

• |a| =
p
a21 + a22 + a23

• cos' =
ab

|a||b| =
a1b1 + a2b2 + a3b3p

a21 + a22 + a23
p

b21 + b22 + b23

• a ? b () a1b1 + a2b2 + a3b3 = 0

• cos2 ↵+ cos2 � + cos2 � = 1

cos↵ =
a1
|a| cos� =

a2
|a| cos � =

a3
|a| a



• a⇥ b = c

c ? a c ? b

a, b, a⇥ b

|c| = |a||b| sin' ' = <(a,b)

a b

• a⇥ b = o a b

• a⇥ b = �b⇥ a

• �(a⇥ b) = (�a)⇥ b = a⇥ (�b)

• (a+ b)⇥ c = a⇥ c+ b⇥ c

{i, j, k}

• i⇥ j = k

• j⇥ k = i

• k⇥ i = j

• i⇥ i = j⇥ j = k⇥ k = o

a(a1, a2, a3) b(b1, b2, b3)

• a⇥ b =

✓����
a2 a3
b2 b3

���� ,
����
a3 a1
b3 b1

���� ,
����
a1 a2
b1 b2

����

◆
.

• sin' =
|a⇥ b|
|a||b|

• a, b

S = |a⇥ b|

• a, b

S =
1

2
|a⇥ b|

• (a⇥ b)2 + (ab)2 = a
2
b
2



• abc = (a⇥ b)c

• abc = bca = cab = �bac = �acb = �cba

• (a+ b)cd = acd+ bcd

• (�a)bc = �abc

a(a1, a2, a3) b(b1, b2, b3) c(c1, c2, c3)

• abc =

������

a1 a2 a3
b1 b2 b3
c1 c2 c3

������

• a,b, c () abc = 0

• a, b, c

V = |abc|

• a, b, c

V =
1

6
|abc|

• O e1, e2

• �!
OA = (xA; yA)

�!
OA = xAe1 + yAe2

(xA; yA)
�!
OA A

• A(xA; yA) B(xB ; yB)

|AB| = |�!AB| =
p

(xB � xA)2 + (yB � yA)2 ,
�!
AB = (xB � xA; yB � yA) .

• (⇢;') A

⇢ = |OA| ⇢ � 0

' = <(Ox!,
�!
OA) ' 2 [0; 2⇡)

(x; y) A



•
(
x = ⇢ cos',

y = ⇢ sin'.

•
8
<

:
⇢ =

p
x2 + y2,

tg' =
y

x
(' =

⇡

2
x = 0).

• O e1, e2, e3

• �!
OA = (xA; yA; zA)

�!
OA = xAe1 + yAe2 + zAe3

(xA; yA; zA)
�!
OA A

• A(xA; yA; zA) B(xB ; yB ; zB)

|AB| = |�!AB| =
p

(xB � xA)2 + (yB � yA)2 + (zB � zA)2 ,
�!
AB = (xB � xA; yB � yA; zB � zA) .

• (⇢;'; ✓) A

⇢ = |OA| ⇢ � 0

' = <(Ox!,
��!
OA0) ' 2 [0; 2⇡)

✓ = <(
�!
OA,Oxy) ✓ 2

⇥
� ⇡

2
;
⇡

2

⇤

A0 A Oxy

(x; y; z) A

•
8
><

>:

x = ⇢ cos ✓ cos',

y = ⇢ cos ✓ sin',

z = ⇢ sin ✓.

•
8
>>>><

>>>>:

⇢ =
p
x2 + y2 + z2,

tg' =
y

x
(' =

⇡

2
x = 0),

tg ✓ =
zp

x2 + y2
(✓ =

⇡

2
x2 + y2 = 0).



• (⇢;'; z) A

⇢ = |OA| ⇢ � 0

' = <(Ox!,
�!
OA) ' 2 [0; 2⇡)

A0 A Oxy

(x; y; z) A

•
8
><

>:

x = ⇢ cos',

y = ⇢ sin',

z = z.

•
8
>><

>>:

⇢ =
p
x2 + y2,

tg' =
y

x
(' =

⇡

2
x = 0),

z = z.

g

• g : Ax+By + C = 0 A 6= 0 B 6= 0

g g ? n(A,B) M0(x0, y0) 2 g

• g : A(x� x0) +B(y � y0) = 0

g gkp M0(x0, y0) 2 g

• g :
���!
M0M = tp t 2 R

g gkp(�, µ) M0(x0, y0) 2 g

• g :
x� x0

�
=

y � y0
µ

g gkp(�, µ) M0(x0, y0) 2 g

• g :

(
x = x0 + �t,

y = y0 + µt,
t 2 R

g M0(x0, y0) 2 g M1(x1, y1) 2 g

• g :
x� x0

x1 � x0
=

y � y0
y1 � y0

g :

����
x� x0 y � y0
x1 � x0 y1 � y0

���� = 0 g :

������

x y 1
x0 y0 1
x1 y1 1

������
= 0



• g : y = kx+ b

k = tg' ' = <(Ox, g) ' 2
�
� ⇡

2
;
⇡

2

�

b Oy O(0, 0) B(0, b) = g \Oy

• g :
x

a
+

y

b
= 1

a Ox O(0, 0) A(a, 0) = g \Ox

b Oy O(0, 0) B(0, b) = g \Oy

• g : x cos↵+ y sin↵� p = 0

↵ = <(Ox, g) ↵ 2 [0; 2⇡)

p O(0, 0) g

• g :
Ax+By + C

"
p
A2 +B2

= 0

" = +1 C < 0

" = �1 C > 0

M(x0, y0) g : Ax+By + C = 0

• |�| = |Ax0 +By0 + C|p
A2 +B2

M(x0, y0) g : Ax+By + C = 0

• � =
Ax0 +By0 + C

"
p
A2 +B2

� > 0 () M0 O g

� < 0 () M0 O g

g1 : A1x+B1y + C1 = 0 g2 : A2x+B2y + C2 = 0

• cos' =
A1A2 +B1B2p

A2
1 +B2

1

p
A2

2 +B2
2

' = <(g1, g2)

g1 : y = k1x+ b1 g2 : y = k2x+ b2

• tg' =
k2 � k1
1 + k1k2

' = <(g1, g2) g1 g2



g1 : A1x+B1y+C1 = 0 g2 : A2x+B2y+C2 = 0

• g1 ? g2 () A1A2 +B1B2 = 0

• g1 g2 () A1

A2
6= B1

B2

• g1kg2 () A1

A2
=

B1

B2
6= C1

C2

• g1 ⌘ g2 () A1

A2
=

B1

B2
=

C1

C2

g1 : y = k1x+ b1 g2 : y = k2x+ b2

• g1 ? g2 () k1k2 + 1 = 0

• g1kg2 () k1 = k2 b1 6= b2

• g1 ⌘ g2 () k1 = k2 b1 = b2

⇢

• ⇢ : Ax+By + Cz +D = 0 A 6= 0 B 6= 0 C 6= 0

⇢ ⇢ ? n(A,B,C) M0(x0, y0, z0) 2 ⇢

• ⇢ : A(x� x0) +B(y � y0) + C(z � z0) = 0

• ⇢ :
x

a
+

y

b
+

z

c
= 1

a Ox O(0, 0, 0) A(a, 0, 0) = ⇢ \Ox

b Oy O(0, 0, 0) B(0, b, 0) = g \Oy

c Oz O(0, 0, 0) C(0, 0, c) = g \Oz

⇢ Mi(xi, yi, zi) 2 ⇢ i = 0, 1, 2

• ⇢ :

������

x� x0 y � y0 z � z0
x1 � x0 y1 � y0 z1 � z0
x2 � x0 y2 � y0 z2 � z0

������
= 0

• ⇢ :

��������

x y z 1
x0 y0 z0 1
x1 y1 z1 1
x2 y2 z2 1

��������
= 0



• ⇢ : x cos↵+ y cos� + z cos � � p = 0

↵ = <(Ox,n) � = <(Oy,n) � = <(Oz,n)

p O(0, 0, 0) ⇢

• ⇢ :
Ax+By + Cz +D

"
p
A2 +B2 + C2

= 0

" = +1 D < 0

" = �1 D > 0

M0(x0, y0, z0) ⇢ : Ax+By + Cz +D = 0

• |�| = |Ax0 +By0 + Cz0 +D|p
A2 +B2 + C2

M0(x0, y0, z0) ⇢ : Ax+By+Cz+D = 0

• � =
Ax0 +By0 + Cz0 +D

"
p
A2 +B2 + C2

� > 0 () M0 O ⇢

� < 0 () M0 O ⇢

⇢1 : A1x+B1y + C1z +D1 = 0
⇢2 : A2x+B2y + C2z +D2 = 0

• cos' =
A1A2 +B1B2 + C1C2p

A2
1 +B2

1 + C2
1

p
A2

2 +B2
2 + C2

2

' = <(n1,n2) ⇢1 ⇢2

• ⇢1k⇢2 () A1

A2
=

B1

B2
=

C1

C2
6= D1

D2

• ⇢1 ⌘ ⇢2 () A1

A2
=

B1

B2
=

C1

C2
=

D1

D2

⇢ M0(x0, y0, z0) 2 ⇢ ⇢kp1 ⇢kp2

• ���!
M0M = sp1 + tp2 s, t 2 R

⇢ M0(x0, y0, z0)2⇢ ⇢kp1(�1, µ1, ⌫1) ⇢kp2(�2, µ2, ⌫2)

•

8
><

>:

x = x0 + �1s+ �2t,

y = y0 + µ1s+ µ2t,

z = z0 + ⌫1s+ ⌫2t,

s, t 2 R

⇢ M0(x0, y0, z0) 2 ⇢ ⇢kp1(�1, µ1, ⌫1) ⇢kp2(�2, µ2, ⌫2)

• (µ1⌫2 � µ2⌫1)(x� x0) + (⌫1�2 � ⌫2�1)(y � y0) + (�1µ2 � �2µ1)(z � z0) = 0

•

������

x� x0 y � y0 z � z0
�1 µ1 ⌫1
�2 µ2 ⌫2

������
= 0



` `kp M0(x0, y0, z0) 2 `

• ` :
��!
OM =

��!
OM0 + tp t 2 R

` `kp(�, µ, ⌫) M0(x0, y0, z0) 2 `

• ` :

8
><

>:

x = x0 + �t,

y = y0 + µt,

z = z0 + ⌫t,

t 2 R

` `kp(�, µ, ⌫) M0(x0, y0, z0) 2 `

• ` :
x� x0

�
=

y � y0
µ

=
z � z0
⌫

` ` ⇢ ↵ ` ⇢ �

• ` :

(
↵ : A1x+B1y + C1z +D1 = 0,

� : A2x+B2y + C2z +D2 = 0.

• Ax2 +By2 + Cxy +Dx+ Ey + F = 0

A 6= 0 B 6= 0 C 6= 0

C(↵,�) R

• (x� ↵)2 + (y � �)2 = R2

•
(
x = ↵+R cos',

y = � +R sin',
' 2 [0, 2⇡)

• x2 + y2 = R2 C(↵,�) ⌘ O(0, 0)

• x2

a2
+

y2

b2
= 1 a > b

a

b

F1(
p
a2 � b2, 0) F2(�

p
a2 � b2, 0)

|F1M |+ |F2M | = 2a M



•
(
x = a cos',

y = b sin',
' 2 [0, 2⇡)

• ⇢ =
abp

b2 cos2 '+ a2 sin2 '
' 2 [0, 2⇡)

• x2

a2
� y2

b2
= 1 a > b

a

b

F1(
p
a2 + b2, 0), F2(�

p
a2 + b2, 0)

��|F1M |� |F2M |
�� = 2a M

d1 : x =
a2p

a2 + b2
d2 : x = � a2p

a2 + b2

g1 : y =
b

a
x g2 : y = � b

a
x

•
(
x = a ch',

y = b sh',
' 2 (�1,1)

• ⇢ =
abp

b2 cos2 '� a2 sin2 '
' 2 [0, 2⇡)

• y2 = 2px p > 0

F (
p

2
, 0)

d : x = �p

2

•

8
<

:
x =

t2

2p
,

y = t,
t 2 (�1,1)

• ⇢ =
2p cos'

sin2 '
' 2

⇥�⇡
2

;
⇡

2

⇤
\ {0}



• Ax2 +By2 + Cz2 +Dxy + Exz + Fyz +Gx+Hy + Iz + J = 0

C(↵,�, �) R

• (x� ↵)2 + (y � �)2 + (z � �)2 = R2

• x2

a2
+

y2

b2
+

z2

c2
= 1

• x2

a2
+

y2

b2
� z2

c2
= 1

• x2

a2
� y2

b2
� z2

c2
= 1

• x2

a2
+

y2

b2
= 2z

• x2

a2
� y2

b2
= 2z

• x2

a2
+

y2

b2
� z2

c2
= 0

• x2 + y2 = R2

• x2

a2
+

y2

b2
= 1

• x2

a2
� y2

b2
= 1

• y2 = 2px



lim
n!1

an = a lim
n!1

bn = b

• lim
n!1

(an ± bn) = a± b

• lim
n!1

�an = �a � 2 R

• lim
n!1

anbn = ab

• lim
n!1

an
bn

=
a

b
bn 6= 0 b 6= 0

• lim
n!1

qn = 0 |q| < 1

• lim
n!1

1

n
= 0

• lim
n!1

1

np
= 0 p > 0

• lim
n!1

a0np + a1np�1 + · · ·+ ap
b0nq + b1nq�1 + · · ·+ bq

=

8
>><

>>:

0, p < q,
a0
b0

, p = q,

1, p > q,

a0 6= 0 b0 6= 0

• lim
n!1

⇣
1 +

1

n

⌘n

= e

lim
x!x0

f(x) = A lim
x!x0

g(x) = B

• lim
x!x0

⇥
f(x)± g(x)

⇤
= A±B

• lim
x!x0

⇥
�f(x)

⇤
= �A � 2 R

• lim
x!x0

⇥
f(x)g(x)

⇤
= AB

• lim
x!x0

f(x)

g(x)
=

A

B
(B 6= 0)



• lim
x!1

1

x
= 0

• lim
x!+1

1

xp
= 0 p > 0

• lim
x!1

a0xp + a1xp�1 + · · ·+ ap
b0xq + b1xq�1 + · · ·+ bq

=

8
>><

>>:

0, p < q,
a0
b0

, p = q,

1, p > q,

a0 6= 0 b0 6= 0

• lim
x!+1

⇣
1 +

1

x

⌘x

= lim
t!0

(1 + t)1/t = e

• lim
x!0

sinx

x
= lim

t!0

t

sin t
= 1

f(x) x0

f 0(x0) = lim
h!0

f(x0 + h)� f(x0)

h
= lim

x!x0

f(x)� f(x0)

x� x0
.

g : y = kx + b f(x)
(x0, f(x0)) g k = f 0(x0)

•
⇥
f(x)± g(x)

⇤0
= f 0(x)± g0(x)

•
⇥
�f(x)

⇤0
= �f 0(x) � 2 R

•
⇥
f(x)g(x)

⇤0
= f 0(x)g(x) + f(x)g0(x)

•
⇣f(x)
g(x)

⌘0
=

f 0(x)g(x)� f(x)g0(x)

g2(x)

•
⇥
f('(t))

⇤0
= f 0('(t))'0(t)

• f 00(x) = [f 0(x)]0 f 000(x) = [f 00(x)]0 . . . f (n) =
⇥
f (n�1)

⇤0

• df(x) = f 0(x)dx dy = y0dx y = y(x)



• f 0(x) =
df(x)

dx
y0 =

dy

dx
y = y(x)

• d(Cf) = C df C = const.

• d(f ± g) = df ± dg

• d(fg) = g df + fdg

• d
⇣f
g

⌘
=

g df � fdg

g2

• df('(x)) = f 0('(x)) d'(x)

• d2f = d(df) d3f = d(d2f) . . . dnf = d(dn�1f)

• C 0 = 0 C = const.

• (xa)0 = axa�1

• (ex)0 = ex

• (lnx)0 =
1

x

• (ax)0 = ax ln a a > 0 a 6= 1

• (loga x)
0 =

1

x ln a

• (sinx)0 = cosx

• (cosx)0 = � sinx

• (tg x)0 =
1

cos2 x

• (ctg x)0 = � 1

sin2 x

• (arcsinx)0 =
1p

1� x2

• (arccosx)0 = � 1p
1� x2

• (arctg x)0 =
1

1 + x2

• (arcctg x)0 = � 1

1 + x2



• (shx)0 = chx

• (chx)0 = shx

• (thx)0 =
1

ch2 x

• (cthx)0 = � 1

sh2 x

⇥
f(x) g(x)

⇤(n)
=

nX

k=0

✓
n

k

◆
f (n�k)(x) g(k)(x).

f(b)� f(a) = f 0(⇠)(b� a), ⇠ 2 (a, b).

f(b)� f(a)

g(b)� g(a)
=

f 0(⇠)

g0(⇠)
, ⇠ 2 (a, b).

• lim
x!a

f(x)

g(x)
=
h0
0

i
=) lim

x!a

f(x)

g(x)
= lim

x!a

f 0(x)

g0(x)

• lim
x!a

f(x)

g(x)
=
h1
1

i
=) lim

x!a

f(x)

g(x)
= lim

x!a

f 0(x)

g0(x)

f(x) = f(a) +
f 0(a)

1!
(x� a) + · · ·+ f (n)(a)

n!
(x� a)n +

f (n+1)(⇠)

(n+ 1)!
(x� a)n+1,

⇠ x a

• p(x) = f(a) +
f 0(a)

1!
(x� a) + · · ·+ f (n)(a)

n!
(x� a)n

• Rn(x) =
f (n+1)(⇠)

(n+ 1)!
(x� a)n+1

f(x) = f(0) +
f 0(0)

1!
x+ · · ·+ f (n)(0)

n!
xn +

f (n+1)(⇠)

(n+ 1)!
xn+1,

⇠ 0 x



• f(x) =) f 0(x) � 0

• f(x) =) f 0(x)  0

• f 0(x) > 0 =) f(x)

• f 0(x) < 0 =) f(x)

• f(x) x0 =) f 0(x0) = 0

f 0(x0) = 0 f 00(x0) 6= 0

• f(x) x0 f 00(x0) > 0

• f(x) x0 f 00(x0) < 0

f 0(x0) = f 00(x0) = . . . = f (n�1)(x0) = 0 f (n)(x0) 6= 0

• f(x) x0 f (n)(x0) > 0 n

• f(x) x0 f (n)(x0) < 0 n

• f(x) x0 n

• f 00(x) > 0 =) f(x)

• f 00(x) < 0 =) f(x)

• f 00(x0) = 0 f 000(x0) 6= 0 =) f(x) x0

• f 00(x0) = . . . = f (n�1)(x0) = 0 f (n)(x0) 6= 0 n =)
f(x) x0

• f(x) g : x = a lim
x!a

f(x) = 1

• f(x) g : y = kx+b

k = lim
x!1

f(x)

x
b = lim

x!1

�
f(x)� kx

�



• F (x) f(x) F 0(x) = f(x)

f(x)

•
Z

f(x) dx = F (x) + C C 2 R

F (x) f(x)

•
Z
�f(x) dx = �

Z
f(x) dx

•
Z �

f(x) + g(x)
�
dx =

Z
f(x) dx+

Z
g(x) dx

•
Z

xa dx =
xa+1

a+ 1
+ C a 6= �1

•
Z

dx

x
= ln |x|+ C

•
Z

ex dx = ex + C

•
Z

ax dx =
ax

ln a
+ C a > 0, a 6= 1

•
Z

sinx dx = � cosx+ C

•
Z

cosx dx = sinx+ C

•
Z

dx

cos2 x
= tg x+ C

•
Z

dx

sin2 x
= � ctg x+ C

•
Z

dxp
1� x2

= arcsinx+ C = � arccosx+ C

•
Z

dx

1 + x2
= arctg x+ C = � arcctg x+ C



•
Z

dx

1� x2
=

1

2
ln
���
1 + x

1� x

���+ C

•
Z

dxp
x2 ± a2

= ln
��x+

p
x2 ± a2

��+ C

• In =

Z
dx

(a2 + x2)n

I1 =
1

a
arctg

x

a
+ C

In =
2n� 3

2(n� 1)a2
In�1 +

x

2(n� 1)a2(a2 + x2)n�1
, n = 2, 3, . . . .

•
Z

f(x)g0(x) dx =

Z
f(x) dg(x)

•
Z

f(x) dx = F (x) + C =)
Z

f('(t)) d'(t) = F ('(t)) + C

•
Z

f(x) dg(x) = f(x)g(x)�
Z

g(x) df(x)

•
Z

f('(t)) d'(t) = �(t) + C =)
Z
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8
>>>>>><

>>>>>>:

f 0
x
(x, y, z) + �'0

x
(x, y, z) + µ 0

x
(x, y, z) = 0,

f 0
y
(x, y, z) + �'0

y
(x, y, z) + µ 0

y
(x, y, z) = 0,

f 0
z
(x, y, z) + �'0

z
(x, y, z) + µ 0

z
(x, y, z) = 0,

'(x, y, z) = 0,

 (x, y, z) = 0.

f(x, y) D ⇢ R2

•
ZZ

D

f(x, y) dxdy

• �(D) =

ZZ

D

dxdy D

•
ZZ

D

f(x, y) dxdy =

ZZ

D

f(u, v) dudv

•
ZZ

D

�
f(x, y) + g(x, y)

�
dxdy =

ZZ

D

f(x, y) dxdy +

ZZ

D

g(x, y) dxdy

•
ZZ

D

�f(x, y) dxdy = �

ZZ

D

f(x, y) dxdy



•
ZZ

D

f(x, y) dxdy =

ZZ

D1

f(x, y) dxdy +

ZZ

D2

f(x, y) dxdy

D = D1 [D2, �(D1 \D2) = 0

• f(x, y) � 0 =)
ZZ

D

f(x, y) dxdy � 0

• f(x, y)  g(x, y) =)
ZZ

D

f(x, y) dxdy 
ZZ

D

g(x, y) dxdy

•
���
ZZ

D

f(x, y) dxdy
��� 

ZZ

D

|f(x, y)| dxdy

• f(x, y) 2 [m,M ] =) 9 µ 2 [m,M ] :

ZZ

D

f(x, y) dxdy = µ�(D)

•
ZZ

D

f(x, y) dxdy =

Z
b

a

h Z y2(x)

y1(x)
f(x, y) dy

i
dx

D =
�
(x, y) 2 R2 : x 2 [a, b] , y1(x)  y  y2(x)

 

•
ZZ

D

f1(x) f2(y) dxdy =

Z
b

a

f1(x) dx

Z
d

c

f2(y) dy

D =
�
(x, y) 2 R2 : x 2 [a, b], y 2 [c, d]

 

•
ZZ

D

f(x, y) dxdy =

ZZ

D

f(x(u, v), y(u, v)) |J | dudv

(
x = x(u, v),

y = y(u, v),
(x, y) 2 D, (u, v) 2 D

J =

����
x0
u

x0
v

y0
u

y0
v

����

•
ZZ

D

f(x, y) dxdy =

ZZ

D

f(⇢ cos', ⇢ sin')) ⇢ d⇢d'

(
x = ⇢ cos',

y = ⇢ sin',
(x, y) 2 D, (⇢,') 2 D

|J | = |⇢| = ⇢



• �(D) =

ZZ

D

dxdy D ⇢ R2

• �(S) =

ZZ

D

s

1 +
⇣@f
@x

⌘2
+
⇣@f
@y

⌘2
dxdy

S =
�
(x, y, z) : z = f(x, y), (x, y) 2 D ⇢ R2

 

• D ⇢ R2 ⇢ = ⇢(x, y)

• m =

ZZ

D

⇢(x, y) dxdy

• m = ⇢ �(D) ⇢ = const.

G(⇠, ⌘)

• ⇠ =
1

m

ZZ

D

x⇢(x, y) dxdy ⌘ =
1

m

ZZ

D

x⇢(x, y) dxdy

• ⇠ =
1

�(D)

ZZ

D

x dxdy ⌘ =
1

�(D)

ZZ

D

y dxdy ⇢ = const.

• Mx =

ZZ

D

y⇢(x, y) dxdy Ox

• My =

ZZ

D

x⇢(x, y) dxdy Oy

• Ix =

ZZ

D

y2⇢(x, y) dxdy Ox

• Iy =

ZZ

D

x2⇢(x, y) dxdy Oy

• IO = Ix + Iy O



f(x, y, z) D ⇢ R3

•
ZZZ

D

f(x, y, z) dxdydz

•
ZZZ

D

f(x, y, z) dxdydz =

ZZ

D1

h Z z2(x,y)

z1(x,y)
f(x, y, z) dz

i
dxdy

D =
�
(x, y, z) : (x, y) 2 D1, z1(x, y)  z  z2(x, y)

 

•
ZZZ

D

f(x, y, z) dxdydz =

Z
b

a

⇣Z y2(x)

y1(x)

⇣Z z2(x,y)

z1(x,y)
f(x, y, z) dz

⌘
dy

⌘
dx

D =
�
(x, y, z) : x 2 [a, b], y 2 [y1(x), y2(x)], z 2 [z1(x, y), z2(x, y)]

 

•
ZZZ

D

f1(x)f2(y)f3(z) dxdydz =

Z
b

a

f1(x) dx

Z
d

c

f2(y) dy

Z
q

p

f3(z) dz

D =
�
(x, y, z) : x 2 [a, b], y 2 [c, d], z 2 [p, q]

 

•
ZZZ

D

f(x, y, z) dxdydz =

ZZZ

D

f(x(u, v, w), y(u, v, w), z(u, v, w)) |J | dudvdw

8
><

>:

x = x(u, v, w),

y = y(u, v, w),

z = z(u, v, w),

(x, y, z) 2 D, (u, v, w) 2 D

J =

������

x0
u

x0
v

x0
w

y0
u

y0
v

y0
w

z0
u

z0
v

z0
w

������

•
ZZZ

D

f(x, y, z) dxdydz =

ZZZ

D

f(⇢ cos', ⇢ sin', z) ⇢ d⇢d'dz

8
><

>:

x = ⇢ cos',

y = ⇢ sin',

z = z,

(x, y, z) 2 D, (⇢,', z) 2 D

|J | = |⇢| = ⇢



•
ZZZ

D

f(x, y, z) dxdydz =

ZZZ

D

f(⇢ cos ✓ cos', ⇢ cos ✓ sin', ⇢ sin ✓) ⇢2 cos ✓ d⇢d'd✓

8
><

>:

x = ⇢ cos ✓ cos',

y = ⇢ cos ✓ sin',

z = ⇢ sin ✓,

(x, y, z) 2 D, (⇢,', ✓) 2 D

|J | = ⇢2 cos ✓

• V (D) =

ZZZ

D

dxdydz D ⇢ R3

• D ⇢ R3 ⇢ = ⇢(x, y, z)

• m =

ZZZ

D

⇢(x, y, z) dxdydz

• m = ⇢V (D) ⇢ = const.

G(⇠, ⌘, ⇣)

• ⇠ =
1

m

ZZZ

D

x⇢(x, y, z) dxdydz

⌘ =
1

m

ZZZ

D

y⇢(x, y, z) dxdydz

⇣ =
1

m

ZZZ

D

z⇢(x, y, z) dxdydz

• ⇠ =
1

V (D)

ZZZ

D

x dxdydz ⌘ =
1

V (D)

ZZZ

D

y dxdydz ⇣ =
1

V (D)

ZZZ

D

z dxdydz

⇢ = const.



• MOxy =

ZZZ

D

z⇢(x, y, z) dxdydz Oxy

• MOxz =

ZZZ

D

y⇢(x, y, z) dxdydz Oxz

• MOyz =

ZZZ

D

x⇢(x, y, z) dxdydz Oyz

• Ix =

ZZZ

D

(y2 + z2)⇢(x, y, z) dxdydz Ox

• Iy =

ZZZ

D

(x2 + z2)⇢(x, y, z) dxdydz Oy

• Iz =

ZZZ

D

(x2 + y2)⇢(x, y, z) dxdydz Oz

• IO =

ZZZ

D

(x2 + y2 + z2)⇢(x, y, z) dxdydz O

IO =
1

2
(Ix + Iy + Iz)



• F
�
x, y, y0, y00, . . . , y(n)

�
= 0

• y(n) = f(x, y, y0, . . . , y(n�1))

• n

• y = y(x)

• y(x0) = y0 y0(x0) = y00 . . . y(n�1)(x0) = y(n�1)
0

y = y(x)

•
(
y0 = f(x, y),

y(x0) = y0,

•
(
y(n) = f(x, y, y0, . . . , y(n�1)),

y(k)(x0) = y(k)0 , k = 0, 1, . . . , n� 1,
n

• y0 =
f(x)

g(y)
f(x) dx� g(y) dy = 0

• Z
f(x) dx�

Z
g(y) dy = C

• y0 = '
⇣y
x

⌘
P (x, y) dx�Q(x, y) dy = 0

P (x, y), Q(x, y)

P (↵x,↵y) = ↵kP (x, y) Q(↵x,↵y) = ↵kQ(x, y)

•

z(x) =
y(x)

x
y0 = z0x+ z



y0 = f
⇣ ax+ by + c

a1x+ b1y + c1

⌘

• ab1 � a1b 6= 0 x = x+ ↵ , y = y + � ↵ �(
↵a+ �b+ c = 0,

↵a1 + �b1 + c1 = 0,

• ab1 � a1b = 0 b = 0

• ab1 � a1b = 0 b 6= 0 z = ax + by

• y0 = f(x)y + g(x)

•

y = e
R
f(x) dx

⇣
C +

Z
g(x) e�

R
f(x) dxdx

⌘

• y0 = f(x) y + g(x) ym

•
m = 0 m = 1

m 6= 1 z(x) = y1�m(x) z0 = (1 � m)y�my0

z(x)

• P (x, y)dx+Q(x, y)dy = 0 9 U(x, y)

dU = P (x, y) dx+Q(x, y) dy

@U

@x
= P (x, y)

@U

@y
= Q(x, y)

• P (x, y)dx+Q(x, y)dy = 0 () @P

@y
(x, y) =

@Q

@x
(x, y)

•
U(x, y) = C



• F
�
x, y(k), y(k+1), . . . , y(n)

�
= 0 k � 1

z = y(k) (n� k)

• F (y, y0, . . . , y(n)) = 0

p = y0 p y

y00 = p
dp

dy
, y000 = p

h⇣dp
dy

⌘2
+ p

d2p

dy2

i
, . . .

(n� 1)

• F
⇣
x,

y0

y
,
y00

y
, . . . ,

y(n)

y

⌘
= 0

u =
y0

y

y00

y
= u0 + u2,

y000

y
= u00 + 3uu0 + u3, . . .

(n� 1)

n

• y00 + a1y0 + a2y = 0

a1, a2 2 R

• �2 + a1�+ a2 = 0 �1,�2

•

y(x) = C1e�1x + C2e�2x �1,�2 2 R �1 6= �2

y(x) = C1e�1x + C2xe�1x �1 = �2 2 R

y(x) = C1e↵x cos�x+ C2e↵x sin�x �1,2 = ↵± i� � 6= 0

n

• y(n) + a1y(n�1) + · · ·+ any = 0

a1, . . . , an 2 R

• �n + a1�n�1 + · · · + an�1� + an = 0
�1, . . . ,�n



• �1, . . . ,�n y1(x), . . . , yn(x)

�1 y = e�1x

�1 r r

y1 = e�1x , y2 = xe�1x , . . . , yr = xr�1e�1x

�1 = ↵+ i�

y1 = e↵x cos�x , y2 = e↵x sin�x

�1 = ↵+ i� r 2r

y1 = e↵x cos�x, y2 = xe↵x cos�x, . . . , yr = xr�1e↵x cos�x

yr+1 = e↵x sin�x, yr+2 = xe↵x sin�x, . . . , y2r = xr�1e↵x sin�x

•
y(x) = C1y1(x) + C2y2(x) + · · ·+ Cnyn(x)

n

• y(n) + a1y(n�1) + · · ·+ any = f(x)

a1, . . . , an 2 R

•
y(x) = y (x) + ⌘(x)

y (x)

⌘(x)

• y (x) = C1y1(x)+C2y2(x)+ · · ·+Cnyn(x)

⌘(x) = C1(x)y1(x) + C2(x)y2(x) + · · ·+ Cn(x)yn(x)

C 0
1(x), C

0
2(x), . . . , C

0
n
(x)

8
>>>>>>><

>>>>>>>:

C 0
1y1 + C 0

2y2 + · · ·+ C 0
n
yn = 0,

C 0
1y

0
1 + C 0

2y
0
2 + · · ·+ C 0

n
y0
n
= 0,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

C 0
1y

(n�2)
1 + C 0

2y
(n�2)
2 + · · ·+ C 0

n
y(n�2)
n = 0,

C 0
1 y

(n�1)
1 + C 0

2 y
(n�1)
2 + · · ·+ C 0

n
y(n�1)
n = f(x).



n

• y(n) + a1y(n�1) + · · ·+ any = f(x)

a1, . . . , an 2 R

•
y(x) = y (x) + ⌘(x)

y (x)

⌘(x)

• f(x) = e↵xP (x) P (x) ↵

⌘ = e↵xQ(x)

Q(x) P (x)

• f(x) = e↵xP (x) P (x) ↵ k

⌘ = xke↵xQ(x)

Q(x) P (x)

• f(x) = e↵x
⇥
P (x) cos�x + Q(x) sin�x

⇤
P (x) Q(x)

↵+ i�

⌘ = e↵x
⇥
R(x) cos�x+ S(x) sin�x

⇤

R(x) S(x) P (x)
Q(x)

• f(x) = e↵x
⇥
P (x) cos�x + Q(x) sin�x

⇤
P (x) Q(x)

↵ + i� k

⌘ = xke↵x
⇥
R(x) cos�x+ S(x) sin�x

⇤

R(x) S(x) P (x)
Q(x)

• xny(n) + a1xn�1y(n�1) + · · ·+ an�1xy0 + any = f(x)

a1, . . . , an 2 R

• x = et

y0 =
1

x
· dy
dt

y00 =
1

x2

⇣d2y
dt2

� dy

dt

⌘
y000 =

1

x3

⇣d3y
dt3

� 3
d2y

dt2
+ 2

dy

dt

⌘
, . . .

y t



•
nX

i=1

fi(x1, x2, . . . , xn)
@u

@xi

= 0

u = u(x1, x2, . . . , xn)

u(x1, x2, . . . , xn)

•

8
><

>:

nX

i=1

fi(x1, x2, . . . , xn)
@u

@xi

= 0,

u(x1, x2, . . . , xn�1, x0
n
) = g(x1, x2, . . . , xn�1).

• 'k(x1, . . . , xn) = Ck k = 1, 2, . . . , n � 1

dx1

f1(x1, . . . , xn)
=

dx2

f2(x1, . . . , xn)
= · · · = dxn

fn(x1, . . . , xn)

'k(x1, . . . , xn) k = 1, 2, . . . , n� 1

u(x1, x2, . . . , xn) = F ('1,'2, . . . ,'n�1)

• '(x1, x2, . . . , xn) = C

dx1

f1(x1, . . . , xn)
=

dx2

f2(x1, . . . , xn)
= · · · = dxn

fn(x1, . . . , xn)

'(x1, x2, . . . , xn) x1, x2, . . . , xn

x1 = x1(t), x2 = x2(t), . . . , xn = xn(t)

'
�
x1(t), x2(t), . . . , xn(t)

�
= C

• 'k(x1, . . . , xn) k = 1, 2, . . . , n� 1
0

BBBBBBBB@

@'1

@x1

@'1

@x2
. . .

@'1

@xn

@'2

@x1

@'2

@x2
. . .

@'2

@xn

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
@'n�1

@x1

@'n�1

@x2
. . .

@'n�1

@xn

1

CCCCCCCCA

n� 1



•
nX

i=1

fi(x1, x2, . . . , xn, u)
@u

@xi

= g(x1, x2, . . . , xn, u)

•
u = u(x1, x2, . . . , xn)

w(x1, . . . , xn, u) = 0

w(x1, . . . , xn, u) = F
�
'1(x1, . . . , xn, u), . . . ,'n(x1, . . . , xn, u)

�

nX

i=1

fi(x1, x2, . . . , xn, u)
@w

@xi

+ g(x1, x2, . . . , xn, u)
@w

@u
= 0

• 'k(x1, . . . , xn, u) = Ck k = 1, . . . , n

dx1

f1(x1, . . . , xn, u)
= · · · = dxn

fn(x1, . . . , xn, u)
=

du

g(x1, . . . , xn, u)

• a11
@2u

@x2
+ 2a12

@2u

@x@y
+ a22

@2u

@y2
+ b1

@u

@x
+ b2

@u

@y
+ cu = f

u = u(x, y)

aij , bi, c, f x y

• � = a11a22 � a212

� > 0

� < 0

� = 0

• @2u

@x2
+
@2u

@y2
= 0

• @2u

@t2
(x, t)� a2

@2u

@x2
(x, t) = 0

• @2u

@x2
= a2

@u

@y



•
8
>>>><

>>>>:

@2u

@t2
(x, t)� a2

@2u

@x2
(x, t) = 0,

u(x, 0) = F (x),

@u

@t
(x, 0) = G(x),

u(x, t) =
1

2

⇥
F (x� at) + F (x+ at)

⇤
+

1

2a

Z
x+at

x�at

G(x) dx

•
8
>>>>>>>>>><

>>>>>>>>>>:

@2u

@t2
(x, t)� a2

@2u

@x2
(x, t) = 0,

u(x, 0) = F (x),

@u

@t
(x, 0) = G(x),

u(0, t) = 0,

u(`, t) = 0,

u(x, t) =
1X

n=1

⇣
Cn cos

n⇡at

`
+Dn sin

n⇡at

`

⌘
sin

n⇡x

`

Cn =
2

`

Z
`

0
F (x) sin

n⇡x

`
dx

Dn =
2

n⇡a

Z
`

0
G(x) sin

n⇡x

`
dx



• r : I ! R2 I ⇢ R
r = r(q) = (x(q), y(q)) = x(q) i+ y(q) j q 2 D

i, j

x(q), y(q)

• r : D ! R3 D ⇢ R
r = r(q) =

�
x(q), y(q), z(q)

�
= x(q) i+ y(q) j+ z(q)k q 2 D

i, j,k

x(q), y(q), z(q)

• lim
q!q0

�
r1(q)± r2(q)

�
= lim

q!q0

r1(q)± lim
q!q0

r2(q)

• lim
q!q0

�
r1(q) r2(q)

�
= lim

q!q0

r1(q) lim
q!q0

r2(q)

• lim
q!q0

�
r1(q)⇥ r2(q)

�
= lim

q!q0

r1(q)⇥ lim
q!q0

r2(q)

• r(q) =
�
x(q), y(q), z(q)

�
a = (a1, a2, a3)

lim
q!q0

r(q) = a ()

8
>>><

>>>:

lim
q!q0

x(q) = a1,

lim
q!q0

y(q) = a2,

lim
q!q0

z(q) = a3.

• r
0(q) =

dr(q)

dq
= lim

h!0

r(q + h)� r(q)

h
=
�
x0(q), y0(q), z0(q)

�

• (r1 + r2)0(q) = r1
0(q) + r2

0(q)

• (fr)0(q) = f 0(q) r(q) + f(q) r0(q)

• (r1r2)0(q) = r1
0(q) r2(q) + r1(q) r20(q)

• (r1 ⇥ r2)0(q) = r1
0(q)⇥ r2(q) + r1(q)⇥ r2

0(q)



• � =
�
M :

��!
OM = r(q), q 2 [a, b]

 

• � : r = r(q) q 2 [a, b]

• ṙ r
0

r̈ r
00 r r

000

• � : r = r(q) q 2 [a, b]

ṙ

ṙ(q) 6= o q 2 [a, b]

� : r = r(q) M0 = r(q0)

• g

M0 2 g

gkṙ(q0)

• s(q) =

Z
q

q0

p
ṙ2(t) dt

• ṡ(q) =
p

ṙ2(q)

• � : r = r(s) s M0M

M0

�
x(s0), y(s0), z(s0)

�
M
�
x(s), y(s), z(s)

�

• q () |ṙ| = 1

• r
0

r
00

r
000

• � : r = r(q) q 2 [a, b]

r(q) = (x(q), y(q)) = x(q) i+ y(q) j
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